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50. $\#$
$V$ $V$ $G$- Hilbert
$p$ $V$ $V/G$
$p$ $V/G$ } smooth functional structure
$V/G$ $Diff(V/G)$ $V/G$
$\mathcal{X}(V/G)$ $Diff(V/G)$ $\mathcal{X}(V/G)$
Bierstone [BI1], Schwarz [SC1] $V$
G-
















$M$ : C\infty -
$Diff$(M): $M$ C0-
$\psi$ : $Garrow Diff$(M)
$\psi$ $M$
$\Psi$ : $G\cross Marrow M$ $\Psi(g, x)=\psi(g)(x)$
$\psi$ $\Psi$ $M$ $G$- $M$
G-
$G$ $n$ $\mathrm{R}^{n}$
$M$ $G$- $\psi_{1}$ $\psi_{2}$ $\Leftrightarrow$
$\exists f\in Diff(M)\mathrm{s}.\mathrm{t}$ .
$f\mathrm{o}\psi_{1}(g)\circ f^{-1}=\psi_{2}(g)$ for $g\in G$
$f1\mathrm{h}G$- $(M, \psi_{1})$ $(M, \psi_{2})$ G-
Proposition Ll $G$ 2 $n$ $\phi_{1},$ $\phi_{2}$
$(\mathrm{R}^{n}, \phi_{1})$ $(\mathrm{R}^{n}, \phi_{2})$
$D$ (M): $M$
$M$
$D$ (M) $Diff$(M) $Diff$(M)0
$\mathcal{X}(M)$ : $M$
Theorem 1.2 (Purse -Shanks $[\mathrm{P}\mathrm{S}]$ ) 2 $M_{1},$ $M_{2}$
$\mathcal{X}(M_{1})$ $\mathcal{X}(M_{2})$
Theorem 1.3 (Filipkiewicz [FI]) 2 $M_{1},$ $M_{2}$




$\Psi$ : $G\cross Marrow M:G$ $M$
$g\in G,$ $x\in M$ $g\cdot x=\Psi(g, x)$
$G(x)=\{g. x|g\in G\}$ : $x$
$M/G=$ { $G$ (x)| $x\in M$} : $x$
$G_{x}=\{g\in G|g. x=x\}$ : $x$ $G$
{ $(G_{x})$ : $G$x $G$ ; $x\in M$}: $M$
$G$ $H$ $(M/G)(H)=\{G(x)|(G_{x})=(H)\}$ stratum
$M/G$ stratffication
$\pi$ : $Marrow M/G$:
$M$ 1 (H) $\pi$ : $Marrow M/G$ $G/H$
$H=\{1\}$ $\Psi$
$\pi$ : $Marrow M/G$
2 $M/G$
Bredon [BR], M. Davis [DA], Bierstone [BI1] and Schwartz [SC1] t
the smooth structure
$\overline{M}=M/G,$ $\pi$ : $Marrow\overline{M}$








$\{p_{1}, \ldots,p_{k}\}:\mathrm{R}[V]_{0}^{G}$ (Hilbert basis )
$\dim T_{0}(V/G)=k$
$p=(p_{1}, \ldots,p_{n})$ : $Varrow\overline{V}=V/G$
88
$f$ : $p(V)arrow \mathrm{R}$ smooth $\Leftrightarrow d\mathrm{e}$}
$\exists$F: $\mathrm{R}^{k}arrow$ Rsmooth $|F|p(V)=f$ .
$C^{\infty}(p(V)):p$ (V) smooth funciton
$\overline{p}:\overline{V}arrow \mathrm{R}^{k}\mathrm{s}.\mathrm{t}$ . $\pi\circ\overline{p}=p$ .
Theorem 2.1 (Bierstone, Schwarz [BI1], [SC1])
$\overline{p}^{*}:$ $C$“ $(p(V))arrow C^{\infty}(\overline{V})$
Theorem 2.1 $\overline{V}$ $p(V)$
Example 2.2 (1) $G=\mathrm{Z}_{2}$ ,
$V=\tilde{\mathrm{R}}$ : 1 Z2
$\mathrm{R}[V]^{G}=\mathrm{R}[x^{2}]$ ,
$\dim T_{p}(\overline{V})=1$ for any $p\in\overline{V}$
(2) $G=$ Z2, $V=\tilde{\mathrm{R}}^{2}$ , $\mathrm{R}[V]^{G}=\mathrm{R}[x^{2}, y^{2}, xy]$ ,
$\dim T_{p}(\overline{V})=2$ for $p\in\overline{V}-$ {p(0)},
$\dim T_{p}$(0) $(\overline{V})=3$ .
$H$ :
$\overline{N}$ : $H$- $N$
$h$ : $\overline{M}arrow\overline{N}$ $\underline{\mathrm{s}\mathrm{m}o\mathrm{o}\mathrm{t}\mathrm{h}}\Leftrightarrow f\circ hdef\in C^{\infty}(\overline{M})$ (for $\forall f\in C^{\infty}(\overline{N})$ ).











D $f_{G}(M)$ : $M$
$D_{G}(M)=Diff_{G}(M)0$
$P$ : $D_{G}(M)arrow D(\overline{M})$ :
$P(h)(\pi(x))=\pi$( $h($x))for $x\in M$.
$\pi_{*}$ : $\mathcal{X}_{G}(M)arrow \mathcal{X}(\overline{M})$ ;
$(\pi_{*}(X)(f))0\pi=X(f\mathrm{o}\pi)$ for $f\in C^{\infty}(\overline{M})$ .
Theorem 2.3 (Bierstone, Schwarz [BI1], [SC1])
(1) $\pi_{*}$
(2) $P$
Theorem 2.4 ( Strub [ST])
$V_{i}$ : $G_{i}$ $(i=1,2)$ .








Theorem 2.6 $V_{i}$ : $G_{i}$ $(i=1,2)$ .
$\mathcal{X}(V_{1}/G_{1})$ $\mathcal{X}(V_{2}/G_{2})$ $G_{1}$ $G_{2}$
$V_{1}$ $V_{2}$
Remark 2.7 (1) $V$ $G$ Corollary 2.6
$\mathcal{X}(V/G)$ $V$ Theorem 2.1









If $[K, K]$ $\underline{\acute{\overline{\pi}}\text{ }}$
$H_{1}(K)=K/[K, K]$ : $K$ 1
Theorem 3.1 (Hermann $[\mathrm{H}\mathrm{E}]_{J}$ Mather [M], Thurston [TH] ) $D$ (M)
Theorem 3.2 (Fukui [F])
$H_{1}([0,1])\cong \mathrm{R}\oplus \mathrm{R}$ .
Theorem 3.3 (A-F [AF6] ) $M$ 2
$D$ (M)
Theorem 3.4 (Banyaga [BA1])
$T^{q}$ : q-
$M$ : Tq- ,
$\dim M/T^{q}\geq 1$
$D_{T^{q}}$ (M)
Theorem 3.5 (A-F [AF1])
$G$ :





$M$ : 1 G- ,
$\dim M/G\geq 1$
$D_{G}$(M)
$M$ : 1 G-
$M/G$ $S^{1}$ $[0, 1]$
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$M/G$ $S^{1}$ Corollary 2.3 $D_{G}$ (M)
$M/G$ $[0, 1]$ $M$ 2 3
(H): $(0,1)$ ( )
$(K_{i})(i=0,1)$ : $i$ ( )
$N$(H): $H$ $G$
Theorem 3.7 (A-F [AF2])
$H_{1}(D_{G}(M))\cong \mathrm{R}^{2}\cross H_{1}(((N(H)\cap N(K_{0}))/H$
$\cross$ (N(H) $\cap N(’K_{1})$ ) $/H))_{0})$ .
$\tilde{\mathrm{R}}$ : 1 Z2-
$\tilde{\mathrm{R}}^{n}=\tilde{\mathrm{R}}\oplus\cdot$ . . $\oplus\tilde{\mathrm{R}}$ (ntimes)
$\Phi$ : $D\mathrm{z}_{2}(\tilde{\mathrm{R}}^{n})arrow GL^{+}(n, \mathrm{R})=GL_{\mathrm{Z}_{2}}^{+}(\tilde{\mathrm{R}}^{n})$
; $\Phi(f)=df(0)$ .
$\Phi*:H_{1}(D\mathrm{z}_{2}(\tilde{\mathrm{R}}^{n}))arrow H_{1}(GL^{+}(n, \mathrm{R}))\cong$R.
Theorem 3.8 (A-F [AF5])
$\Phi_{*}:$ $H_{1}(D_{\mathrm{Z}_{2}}(\tilde{\mathrm{R}}^{n}))\cong$ R.




Proposition 4.1 $M$ :G-
(1) $X\in D(\overline{M})$ stamta \Leftrightarrow
$X$ 1 stamta
(2) $\overline{M}$ 1 stamta $D(\overline{M})=\mathcal{X}(\overline{M})$
$V$ : $G$
$\{p_{1}, \ldots,p_{k}\}:\mathrm{R}[V]_{0}^{G}$ Hilbert basis
$p=(p_{1}, \ldots, p_{k})$ : $Varrow \mathrm{R}^{k}$
$X\in \mathcal{X}(p(V))$ $\mathcal{X}(\mathrm{R}^{k})$ pdynomial vector field $X$
polynomial vector field $\mathrm{A}$
Theorem 4.2 (Bierstone, Schwarz [BI1], [SC1]) $\mathcal{X}(p(V))$ $\beta$ poly-
nomial vector field
Example 4.3 $G=\mathrm{Z}_{2}$ , $V=\mathrm{R}$ .
$\mathrm{R}[V]^{G}=\mathrm{R}[x^{2}]$ ,
$p:\tilde{\mathrm{R}}arrow \mathrm{R}$; $p(x)=x^{2}$
$D(\tilde{\mathrm{R}}/\mathrm{Z}_{2})$ $\frac{d}{dy}$ $C^{\infty}(p(\tilde{\mathrm{R}}))$ -module
$\mathcal{X}(\tilde{\mathrm{R}}/\mathrm{Z}_{2})\cong \mathcal{X}(p(\tilde{\mathrm{R}}))$ : $X=y \frac{d}{dy}$ $C^{\infty}(p(\tilde{\mathrm{R}}))$ -module






$\cdot\cdot \mathrm{l},$ $f_{n}\in A$
. . . $arrow\wedge(A^{n})arrow\wedge^{1}(A^{n})arrow Ad_{3}2d_{2}d_{1}$
$arrow A/(f_{1}, \cdots, f_{n})arrow 0$ , $(*)$
$d_{k}(e.\cdot\Lambda\cdots\wedge e_{i_{k}})1$
$= \sum_{j=1}^{k}(-1)^{j-1}f_{i_{j}}e$.$\cdot$ 1 $\Lambda$ . . . $\wedge\hat{e}_{j_{\mathrm{j}}}\Lambda$ . . . $\wedge e_{i_{k}}$ .
$\{e_{j} =(0, \cdots, 1, \cdots, 0)|, 1\leq i\leq n\}$ $A^{n}$








$f$n regular s uence $(*)$
Corollary 4.5 Theorem 4.4 $Kerd_{1}$ ! $\{fjei-fjej|1\leq i<$
$j\leq n\}$
Example 4.6 $G=\mathrm{Z}_{2},$ $V=\tilde{\mathrm{R}}^{2}$ ,
$\mathrm{R}[V]^{G}=\mathrm{R}[x^{2}, y^{2}, xy]$ ,
$p_{1}(x, y)=x^{2},$ $p_{2}(x, y)=y^{2},$ $p_{3}(x, y)=xy$ . $p=(p_{1},p_{2},p_{3})$ : $Varrow \mathrm{R}^{3}$
$X\in \mathcal{X}(p(V))$ $X= \sum_{i=1}^{3}a_{i}$ (y1, $y_{2},$ $y\mathrm{s}$ ) $\frac{\partial}{\partial y_{i}}$
$f(y_{1}, y_{2}, y_{3})=y_{1}y_{2}-y_{3}^{2}$,
$f_{i}= \frac{\partial f}{\partial t}.\cdot(i=1,2,3)$
Corollary 5.5 $\mathcal{X}(p(V))$ 4
( $a_{1},$ $a_{2},$ as) $=$ $(y_{1}, y_{2}, y_{3})$ , $(-y_{1}, y_{2},0)$ ,




$(b_{1}, b_{2})$ $=$ $( \frac{1}{2}x_{1}, \frac{1}{2}x_{2})$ , ( $- \frac{1}{2}x$b $\frac{1}{2}$x2),
$(x_{2},0)$ , $(0, x_{1})$






$p=(p_{1}, \cdot \mathrm{c}\cdot,p\epsilon)$ : $\mathrm{R}^{3}arrow \mathrm{R}^{6}$




$y_{1}$ , $y_{2}$ , $y_{3}$ , $y_{4)}$ $y_{5}$ , $y_{6}$ $)$
$( 2y_{4}y_{6}, 0, 0, y_{2}y_{6}, 0, y_{3}y_{4})$
$($ 0, $2y_{4}y_{5}$ , 0, $y_{1}y_{5)}$ $y_{3}y_{4)}$ 0 $)$
$($ 0, 0, $2y_{5}y_{6}$ , $0_{)}$ $y_{2}y_{6}$ , $y_{3}y_{4}$ $)$
$($
$y_{1}y_{4}$ , $y_{2}y_{4}$ , -y3y4, $y_{1}y_{2}$ , $0_{)}$ 0 $)$
$($ -y1$y_{5}$ , $y_{2}y_{5}$ , $y_{3}y_{5)}$ $0_{)}$ $y_{2}y_{3}$ , 0 $)$
( $y_{1}y_{6})$ -y2y6) $y3y6$ , $0_{\}}$ $0_{\}}$ $y_{1}y_{3}$ $)$
$X$ $\pi_{*}(\mathrm{Y})=X$
$\mathrm{Y}=\sum_{j=1}^{3}bj$ (x1, $x_{2},$ $x_{3}$ ) $\frac{\partial}{\partial x_{i}}\in \mathcal{X}_{G}(V)$
$( b_{1}, b_{2}, b_{3}, )$
$\frac{1}{2}( x_{1}, x_{2}, x_{3})$
$(x_{1}x_{2}x_{3}, 0, 0 )$
$( 0, x_{1}x_{2}x_{3}, 0 )$






$\frac{1}{2}x_{1}x_{3}( x_{1}, -x_{2}, x_{3})$
Example 4.8 (cusp)




$X_{1}$ $=$ $\frac{y_{1}}{2}\frac{\partial}{\partial y_{1}}+\frac{y_{2}}{3}\frac{\partial}{\partial y_{2}}$ ,
$X_{2}$ $=$ $24y_{2}^{2} \frac{\partial}{\partial y_{1}}+54y_{1^{\frac{\partial}{\partial y_{2}}}}$
$p_{*}(\mathrm{Y}_{i})=X_{i}(i=1,2)$ $\mathrm{Y}.\cdot\in$ X(R)
$\mathrm{Y}_{1}$ $=$ $\frac{x}{6}\frac{d}{dx}$
$\mathrm{Y}_{2}$ $=$ $36x^{2} \frac{d}{dx}$
Example 4.9 (swallow-tail)
$p:\mathrm{R}^{2}arrow \mathrm{R}^{3}$ ;
$p$ (x1, $x_{2}$ ) $=(x_{1}, -3x_{1}x_{2}-10x_{2}^{3},3x_{1}x_{2}^{2}+15x_{2}^{4})$
$f$ (y1, $y_{2},$ $y_{3}$ ) $=-27y_{1}y_{2}-32135y_{2}4+81y_{1}y34+540y_{1}y_{2}y\mathrm{a}-2360y_{1}y_{3}22+400y_{3}^{3}$
$\mathcal{X}(p(\mathrm{R}^{2}))=D$(p(R2))
$D$ (p(R2)) $\{X_{1}, X_{2}, X_{3}, X_{4}\}$ :









$\mathrm{Y}.\cdot=\sum_{j=1}^{2}b_{j}\dot{.}(x_{1}, x_{2})\frac{\partial}{\partial x_{i}}\in \mathcal{X}(\mathrm{R}^{2})$
$\mathrm{Y}_{1}=2x_{1}\frac{\partial}{\partial x_{1}}+x_{2^{\frac{\partial}{\partial x_{2}}}}$
.




Remark Example 4.8 $\{\mathrm{Y}_{1}, \mathrm{Y}2\}$ $p^{*}C^{\infty}$(R2) D Ex-
ample 4.9 [ $\{\mathrm{Y}_{1}, \mathrm{Y}_{2}, \mathrm{Y}_{3}, \mathrm{Y}_{4}\}$ $p^{*}C^{\infty}(\mathrm{R}^{3})$ I
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